SEMICLASSICAL MEASURE FOR THE SOLUTION OF THE HELMHOLTZ 
EQUATION WITH AN UNBOUNDED SOURCE 
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Abstract. We study the high frequency hmit for the dissipative Helmholtz equation when 
the source term concentrates on a submanifold of R" . We prove that the solution has a unique 
semi-classical measure, which is precisely described in terms of the classical properties of the 
problem. This result is already known when the micro-support of the source is bounded, we 
now consider the general case. 
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1. Statement of the result 
pi ' We consider on R" the Helmholtz equation 

(Hh - Eh)uh ^ Sh, where Hh = -h^ A + Vi{x)-ihV2ix). (1.1) 



Here Vi and V2 arc smooth and real-valued potentials which go to at infinity. Thus for any 
h €]0, 1] the operator is a non-symmetric (unless V2 = 0) Schrodinger operator with domain 
i?^(IR"). The energy will be chosen in such a way that for h > small enough, S > ^ 
and Sh G L^'^{W^) the equation (1.1) has a unique outgoing solution Uh G L^'^''(M"). Here we 
denote by L'^'^{W^) the weighted space L^{{xf^ dx), where (x) = (l ' i-'^' 



X 



' The source term Sh we consider is a profile which concentrates on a submanifold F of dimension 

, d e |0, n — 1] in R", endowed with the Lebesgue measure err- Given an amplitude A S C°°{T) 

' and S in the Schwartz space 5(M") we set, for h €]0, 1] and x G K": 

^ ■ Shix) = h^-^ I A{z)S ( '—-^ ] dar{z) (1.2) 
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(this definition will make sense with the assumptions on T and A given below). Our purpose 
is to study the semiclassical measures for the family of corresponding solutions (w/J when the 
submanifold F is allowed to be unbounded. 

This work comes after a number of contributions which deal with more and more general 
situations. The first paper about the subject is [BCKP02], where F = {0} (see also [Cas05]). 
The result was generalized in [CPR02] to the case where F is an affine subspace of M", under 
the assumption that the refraction index is constant [Vi = 0). This restriction was overcome 
in [WZ06]. In [Fou06] the source term concentrates on two points and in [Fou06] the refraction 
index is discontinuous along an hyperplane of R". All these papers study the semiclassical 
measure of the solution using its Wigner transform. 

The approach in [Bon09] is different. The semiclassical measures are defined with pseudo- 
differential calculus (see (1.14)) and the resolvent is replaced by the integral over positive times 
of the propagator (as in [Cas05]). We used this point of view in [Roy 10] to deal with the case of a 
non-constant absorption index (V2 ^ 0, V2 ^ 0) and a general bounded submanifold F. We also 
considered in [Royll] an absorption index V2 which can take non-positive values. The purpose 
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of this paper is now to allow a general unbounded submanifold F. 

Let us now state more precisely the assumptions. The potentials Vi and V2 are respectively 
of long and of short range: there exist constants p > and Cq for a £ N" such that 

Va e N",Va; e R", |a"yi(x)K c„ (ar)"""!"! and \d"V2{x)\ {x)-^-"'^"'^ . (1.3) 

Then we introduce the hamiltonian flow 0* corresponding to the classical symbol p : (x, ^) 1— > 
1^1^ + Vi{x) on the phase space R^". For all w e R^", t ^ <j)\w) = {X{t,w),E{t,w)) G R^n 



the solution of the system 



For / C R we set 



dtX{t,w) = 2Eit,w), 

dtEit,w)=-VViiX{t,w)), (1.4) 
4P{w) = w. 



nbil) = Iw ep"^ {I) : swp\X(t, w)\ < 00 
[ teK 

We also denote by 

Hpq = {p, q} = V^p • V^q - ^ xP ■ V^g 
the Poisson bracket oip with a symbol q G C°°(R^"). 

We now consider an energy i^o > such that 

Viy e 17h({So}),3r> 0, / V2[,X(t,w))dt>^. (1.5) 

Let & > \- We know (see [Royll]) that under Assumption (1.5) there exist an open neighborhood 
J of i?o , /lo > and c ^ such that for 

z e Cj,+ = {z eC : Rc z e J, Im z > 0} 

and h e]0, Hq] the operator {Hh — z) has a bounded inverse on i^(R") and 

{x)-' {u^-zr^{x)-' 

Here £(L^(R")) denotes the space of bounded operators on L^(R" ). Moreover for any A G J the 
limit 

{Hh - (A + tO))-i = lim {Hh - (A + z/3))-i 
exists in L{L'^^^ {^^)). 



Now let us be more explicit about the source term Sh we consider. We recall that F is a 
submanifold of dimension d e [0, 77, — 1] in R" , endowed with the Riemannian structure given by 
the restriction of the usual structure on R", and the corresponding Lebesgue measure ap. We 
assume that there exist i?i > and a\ g]0, 1[ such that 

iVFnZ_(i?i,0,-cri) = 0, (1.6) 

where A^F = {(z,^) e F x R" : ^±T,F} is the normal bundle of F and Z_ (i?i, 0, cri) is an 
incoming region: for i? > 0, and a G [—1, 1] we set 

Z±(i?,;.,a) = {(a;,e)eR'" : |x| ^ i?, |C| > and {x,i)\a\x\\i\) . 

Note that Assumption (1.6) is satisfied for any bounded submanifold of R". When d = 0, it 
actually implies that F is bounded, but this is not the case in higher dimension: this assumption 
holds for instance for any affine subspace of dimension d £ [1, n — 1] in R". Now that a\ is fixed, 
we can choose a smaller neighborhood J of i?o and assume that 

J (l{E^,E2\, were -Bi > and { ^^^^ \ E2 < E^. (1.7) 



We assume that 



VzeF, \/i(z)>So, 



(1.8) 



HELMHOLTZ EQUATION WITH UNBOUNDED SOURCE 



3 



and we define 

NeT = NTnp-\{Eo}). 

Ne^ is a submanifold of dimension (n — 1) in R^", endowed with the Riemannian structure 
defined as follows: for (z, G NeT and {Z, S), {Z, E) e T^^^^^NeT C R^" we set 

where E± , E± are the orthogonal projections of S, S € R" on (T^F © R^)''" (see the discussion in 
[RoylO]). We denote by (JTv^r the canonical measure on NeT given by (7, and assume that 

^JV^r({(^,OG W : 3t>0>*(z,e)eiV£r}) =0. (1.9) 

We now introduce the amplitude A S C°°{T). We assume that there exist 6 > ^ and c > 
such that 

^ (z)' ( |A(z)| + \\d,A\\ + \A{z)\ ) dar{z) < +00. (1.10a) 

Moreover for all r €]0, 1] and x £ R" we have 

/ {z}' {\A{z)\ + \\d,A\\ + \A{z)\\\lU)d<Jr{z)^cr''. (1.10b) 

JB(x,r)nr 

Here B{x,r) is the ball of radius r and centered at x, d^A : T^F — > R is the differential of A 
at point z and II is the second fundamental form of the submanifold F. For any z e F, 11^ is a 
bilinear form from T^T to iV^F (see Appendix A), and 

lin.lH sup i|iL(x,y)|U_r. 

|.Y||j, p=||y||y j,=i 

Note that all these estimates hold when A G C^(F). Here A is allowed to have a non-compact 
support, but it still has to stay away from the bundary of F: 

V6IgC5^(R"), z^ A{z)e{z) £C^{T). (1.11) 

Then it remains to consider S G iS(R") and define the source term Sh by (1.2). 

Let {Eh)he]o,ho\ be a family of energy in C,/^+ U J such that 

Eh ^Eo + hE+ o (h) (1.12) 

for some E G C+. Since for all h g]0, ho] the source term Sh given by (1.2) belongs to L^'''(R") 
(see Proposition 2.2) we can define 

uh = {Hh - {Eh + iQ)r'Sh G L^'-\W'). (1.13) 

Here {Hh - {Eh + iO)y^ stands for {Hh - Eh)^^ when Eh G Cj,+. 

Our purpose is to study the semiclassical measures for this family {uh)he]o.ho\- other words, 
non- negative measures /i on the phase space R^" ~ T*R" such that 

Vq G Co°°(R2"), {OvZSq)uh„^,UhJ qdfl, (1.14) 

for some sequence (/im)mgN '^o]^ such that h,n — > (see [Gcr91]). Here Oph{'l) denotes the 
Weyl quantization of the symbol q: 

Op5^ {q)u{x) = £ £ 5 , ^) ^y) rfy d^. 

We will also use the standard quantization: 

Oph{q)u{x) = J^^ei<^-y^^\{x,C)u{y)dydt 

We denote by C^(R^") the set of smooth symbols whose derivatives are bounded. For (5 G R, 
we also denote by iS( (x)^ ) the set of symbols a G C°°(R^") such that 



^ c, 



{xy 
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and by ^^(M^") the set of symbols a € C°°(M2") such that 

Va,/3 e N",3c„,0 > 0,V(a;,0 e M^", 

We can similarly define the sets of symbols S(^{^)^ ) for (5 G M. We refer to [Rob87, Zwol2] for 
more details about semiclassical analysis. 

For (z,^) e NeT we set 

where S is the Fourier transform of S. The theorem we want to prove is the following: 

Theorem 1.1. Let Sh and Eh be given by (1.2) and (1.12), and ut defined by (1.13). Assume 
that the assumptions (1.3), (1.5), (1.6), (1.7), (1.8), (1.9), (1.10) and (1.11) hold. 

(i) Then there exists a non-negative Radon measure fi on M^" such that for all q G C5"(R^") 
we have 

{Op-^ {q)uh,Uh) >[ qd^i. (1.15) 

(ii) This measure is characterized by the following three properties: 

a. ^ is supported in p~^{{Eq}). 

b. For all a gJci, 1[ there exists R ^ such that ^ is zero in the incoming region Z^{R, 0, — cr). 

c. /i satisfies the following Liouville equation: 

{Hp + 2lmE + 2V2)n = « crw^r- 
This means that for all q G C^(M^") we have 

[ {-Hp + 2lmE + 2V2)qdn= [ q(z,Ofiiz,0 daNMz,^- 

(Hi) These three properties imply that for any q G C5"(]R^") we have 

f qdf,^ f f K{z,Oq{cl^'{z,0)e-^''^^^-'foy^(n^^^^i))'^^daN,r{z,Odt. (1.16) 

This result is known when A is compactly supported on F (see [RoylO, Royll]). The idea for 
the proof is to write the resolvent as the integral of the propagator over positive times, and to 
approximate Uh by a partial solution which only takes into account finite times: 

/>oo 

ul = lj^ XT{t)e-'^^"^-^^^Shdt. 

Here XT{t) = x{t — T), where x G C°°(R, [0, 1]) is equal to 1 in a neighborhood of ] — oo, 0] and 
supported in ] — oo, tq] for some well-chosen tq g]0, 1]. Note that for all h g]0, 1] the semi-group 
1 1—> e^^^'' is well-defined for all t ^ 0. However this is not a contractions semi-group since V2 
is not assumed to be non-negative (see for instance Corollary 3.6 in [ENOO]) 

The idea will be the same to deal with the case of an amplitude A whose support is not 
bounded. Let 6 G C^(M", [0, 1]) be equal to 1 on 5(0, 1). For any i? > we set Ai? : z G F 
A{z)Q{z/R) and 

S{^{x) = h"^ A«(z)5 (^^^ dariz). (1.17) 

Given any i? > 0, the proof of [RoylO, Royll] applies for the source term S^. Since the 
choice of % mentionned above depends on the support of Af;, we denote it by Xo,B.- Moreover 
Xo,R can be chosen non- increasing. Then for any T ^ we set xt,b. ■ t 1— > Xo,fl(^ ^ T) and for 
any h g]0, ho]: 

/>oo 

The key point is to prove that in some suitable sense u^' is a good approximation of for 
large T and R, and h > small enough. 



d^d^aix,o 



S-\a\ 
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Let R> 0. For h e]0, ho] we set 

= {Hh - {Eh + iO))-i5,f e L^-\W-). 

Since is compactly supported on F, we know that Theorem 1.1 holds for u^. In particular 
there exists a non-negative Radon measure /ij? on K^" such that 



Moreover, according to (1.16), fiR is supported on the classical trajectories coming from N^T ~ 
{(z,^) € NeT : z e suppA/j}. Let K he a compact subset of M^". Assumption (1.6) ensures 
that for Rk > large enough and R ^ Rk, the trajectories coming form N§T \ Nj^'^T do not 
meet K (sec Proposition 3.1), and hence (Ir — ftRj^ on K. This is the idea we are going to use 
to prove existence of the semiclassical measure ^. And as expected, /i will coincide with pLR^ on 
K. 

The plan of this paper is the following. In section 2 we give some estimates for the source term 
Sh; and in Section 3 we show that Uj^' is a good approximation of Uh in order to prove Theorem 
1.1. In Appendix A we recall some basic facts about differential geometry, and in particular the 
second fundamental form which appears when integrating by parts on F. 



2. Estimates of the source term 

In this section we prove that Sh and for i? > are (uniformly) of size 0{^/h) in L2.'5(R"), 
where 5 > ^ is given by (1.10). Then we use Assumption (1.6) to prove that if a;_ G iSo(K^") 
is supported in Z-{R,Q,—a) for some R > Ri and a e]cri,l[, then Op™(aj_)S';i = 0{hi) in 
L^'''(R"). Since we even have an estimate of size 0{h°°) when a;_ is compactly supported, this 
proves in particular that Sh is microlocally supported outside an incoming region. 

Lemma 2.1. Consider B £ C°°{r), a family {f^)zer,he]o,i] of functions in L'^-'^+^+''/'^{«"), and 
assume that for some Ci ^ we have 

yh e]0, 1], ^ {zf \B{z)\ (l + !1 A1|i.,.+.+./.(R„)) dariz) < Ci (2.1) 



(2.2) 



Vx e M",Vr e]0,l], [ {zf\B{z)\dar{z)i^Cir''. 

J B{x,r)r\T 

For ft, g]0, 1] we consider 

Sh-.x^ ^ B{z)f(i (^^) dariz). 

Then Sh{x) is well-defined for all h g]0, 1] and x G R", and there exists a constant C ^ which 
only depends on Ci and such that 



yh e]0,l], 



Sh 



^ cVh. 



The idea of the proof is the same as for a compactly supported amplitude but we now have 
to be careful with the decay at infinity for functions on F. 

Proof. We first remark that Assumption (2.2) holds for all r > since for x G R" and r ^ 1 
Assumption (2.1) gives 

(zf \B{z)\ dariz) ^ Ci ^ r'^Ci. (2.3) 

B(a;,r)nr 
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Let h s]0, 1] and x G M". According to Cauchy-Schwarz inequality and (2.3) wc can write 



\Biz) 



fk 



\B{z) 



X ~ Z 



day^z) 



-2|<(m+l)/i 



|S(z) 



^ c 



men 



m /i I a:; — ^ I < { m + 1 ) h 



{z)-'\B{z)\ 



dar{z) 



dar{z), 



where c ^ stands for different universal constants. Now using (2.1) we obtain 

!I'^'i|Il2,'5(K") 



(x) 2^ (m) 



(z)-*|S(z)| 



m/i ^ I a; — ^ I < (m+ 1 ) /i 



dariz) dx 



^ c 



^ c 



\2+d 



m6N 



hyf' {z)-'\B{z)\\fl{yr dydav{z) 



r J m^\y\<m+l 



C,hJ2{m)-' f {zf\B{z)\ f 



m^|y|<m+l 



□ 



Applied with f^ = S and B = A or for i? > this proposition gives: 
Proposition 2.2. There exists a constant C ^ such that 

\Jh e]o, i],Vi? > 0, + ll^f |L.,.(K„) 

For z € r and ^ G M" we denote by the orthogonal projection of ^ on r^F, and ~ ^^^1 
Proposition 2.3. Let q E C^(R^") and assume that for some £ > we have 
V(.T, ^) e supp g, Vz e supp A, ( |a; — z| ^ e or |^J|^e). 

Then we have 

l|OP/i(9)'5'/i|li2,^(R. 

Proof. • We have 



O {hi 



{2TThy 



q{x,OA{z)S 



" JT 



y- z 



dcrriz) dyd^. 



We recall that this is defined in the sense of an oscillatory integral. After a finite number of 
partial integrations with the operator " we can assume that q e 5((e)"^"+^^). Then 

we can use Fubini's Theorem and make the change of variables y = z + hv for any fixed z. Let 
Xi G C5"(R", [0, 1]) be supported in 5(0, e) and equal to 1 on a neighborhood of 0. We set 
X2 = 1 — Xi- For X £ R" and h e]0, 1] we can write 

OVh{l)'^hix) = Ii{x, h) + l2{x, h), 

where for j G {1,2}: 



h 2 



(27r)» 
Let TV e N and 



I,{x,h) 



B(x, z, h) 



A{z)xAx^z) / / ei'^''-''^^\r''^''^^^q{x,£,)S{v)dvd£,daT{z). 



X2{x- z) 



where for / e C°°(R" x F x R"x]0, 1]) we have set 
Lv : (a;, z,^, /i) i— > — i/idiv^ 



{x~ z)f{x,z,^,h) 
\x-z\^ 
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Then there exists a constant c such that 

Vh e]0,l],Va; £ R",Vz e T, \B{x,z,h)\ < c/i^ (.t - z) 

and hence 



\l2{x,h)\^ = h' 



2 



cc — z) da{z) ) , 



^(z)i3(a;, z, ft,) dcrrl-z) 

< cft^^+i— (^^ (z)^ |^(z)| dar(z)) (^^ (z)"^ |^(z)| (.1 
where c depends neither on x e M" nor on /i e]0, 1]. We obtain 

\\l2ml.^s.^.,^ch'^+'—'' [ [ {z)-'\Aiz)\{xfU^-^y''' dxdaiz) 



c/i^w+i-"-'' / / {zf \A{z)\ {x - zf^ {x - z)"^^ dxda{z) 
and finally, if N was chosen large enough: 

• We now turn to Ii. Let x,^ S M" . The function z 1-^ £j G T^T defines a vector field on F, 
which wc denote by and the norm of in r^r is the same as in R". By assumption, if 
A{z)q{x,^)Xi{x — z) 7^ then > e. And we remark that when ^ we have 

where £j ■ f{z) is the derivative of / G C°°{T) at point z and in the direction of ^J. For any 
z e supp^ n B{x,e) (which is compact according to Assumption (1.11)) there exists an open 
neighborhood Vz of z in F which is orientable, and we can find zi, . . . , z^f € supp An-B(a;, e) such 
that suppAnB(x,£) C Uf=i V^,. We consider Ci, • • • , e C§°(T, [0, 1]) such that J2k=i Ck = 1 
in a neighborhood of supp A n B{x,e) in F and Cfc is supported in Vk for all k S |l,-fi^]- Let 
fc G |1, K\. According to Green's Theorem A.l we have 

div {eM^-^^^)xi{x - z)(Aa)(z) lejf' e) dcrriz) = 
^ (Aa)(z)xi(x-z)dar(z) 

= -^h div e (^) |ej I "'e^ (ACfe) (z)xi (x - z) dar (z) 
-zft^ e^<--^'«>Cj • ((Aa)(z)xi(a; - z)) lef' dar{z) 
+th [ e^<--^^«>(Aa)(z)xi(.T-z)|er'eJ- kJl' rfar(z). 



and hence 



Taking the sum over fc € |1, KJ gives 

h{h) = -ih{h^i{h) + /i,2(ft) + Ii,3{h)) 

where, for instance, 

/l,l(.T,/l) 

= / A(z)xi(x-z) / / dive{z)\ere^<^-^'i^e-^<^'^^U{x,OS{v)dvd^dar{z) 

ft 2 
^ (27r)" 

= ft^y|^A(z)(||II,||)xi(x-z)(0p,(gi,.)5) (^^) dar(z). 
Here we have set 

gi.,(x,C) = (||IL-||)-^div^^(z)|er%(x,0- 



A(z) (1111,11) XI (2: -z) / / et<^-^'«>e-*<''-«>gi,.(a;,C)5(^')t^"'^Crf'Tr(^) 
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• We recall that the Levi-Civita connection V'" on the submanifold T at point z is given by the 
orthogonal projection on T^F of the usual differential on R" (see Appendix A). Let z G T. Let Y 
be a vector field on a neighborhood of z in F and let Y be an extension of y on a neighborhood 
of z in R". Using (A.l) we see that on a neighborhood of z in F we have 

(Vre, Y)^^ = Y ■ {e, - , VyF)^^ = Y ■ (C, F)„„ - , VyY)^^ 

^ {(\lliY,Y))^„ . 

Now ii Yi, . . . ,Yd are vector fields such that (Yi (z), . . . , Yd{z)) is an orthonormal basis of T^T we 
obtain 

d 

divc^(z) = Tr (y ^ VyC^(z)) = ^ (e,n.(iS-(^),y.(^)))K. , 

and hence 

|dive^(z)| ^d|ef |||II.||. 

We can apply Lemma 2.1 with B ^ A (||IIz||) and //^(x) = xi('^-'^)(OPh (9i.z)5')(a;)- Indeed, since 
q is assumed to be in S{{£,) ), qi^z is in C^(K^") uniformly in z G F, and hence for all fc e N 
the operator Op5^(gi,^) belongs to and the norm is uniform in z (sec [Wan88]). This 

proves that 

||/i,iWIIl2,.(r„) = {Vh). 

• We have 

• {A{z)xi{x ~ z)) - XI (a: - + ^(^) il -Xiix- z). 

We set 

B2,l(z) = 114^11 fS2,2(z) = A{z) 

q.,2Ax,0 = Xi(M4A(Cj) \\d,A\\-'q{x,0 '''' \qz,2M^,0 = q{x,Od{xi)hM) 

{dzAi^"^) Ijdz^ll ^ can be replaced by |^| when Hrfz^H ~ 0). As above, applying Lemma 2.1 with 
B2,j and 2_^- = 0^l{qz.2j)S for j e {1, 2} gives then 

||/i.2WIL2,.(R„)= o 

• We now deal with Ii_^{h). For any vector field F on F we have 

= (e, v^e^ + ii(r, e)) - (e^, v^e^)^, + (c^, ii(r, c^))^„ 

and in particular: 

Thus we can estimate /i_3(/i) as and this concludes the proof. □ 

We now check that according to (1.6) the assumptions of Proposition 2.3 are satisfied for a 
symbol q supported in an incoming region: 

Proposition 2.4. Let (72 £]cri, 1], R2 > Ri and vq > 0. Then there exists £ > such that for 
all (x, S,) S 2^ (i?2, t'Oi ^172) and z €z T we have 

\x — z\^ e or |^J| > e. 

Proof. Let (x,^) € 2^_(i?2, t'o, — f2), z € F, and assume that 

|a; - z| s$ mm IR2-R1, I . 
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In particular \z\ ^ Ri and hence, according to (1.6), we have 

ki le I > - O = ef - - {z. e) - (:^, + - ^, 



^ I cr2 - CTi - (1 
l'o(o-2 - 0-1 ~ 



0-2 ICI ~ 1^; 

-A 



(72 



Ri 



\z\ 1^0 



-(7l + (T2-j— j- 



^ z 



□ 



Now we can estimate the solution in an incoming region. We recall the following result: 

Proposition 2.5. Let R > 0, ^ i) < ly and — 1 < < cr < 1. Then there exists R > R 
such that for u> G iSo(IK^") supported outside Z^{R,i>, —a) and tj_ e iSo(M^") supported in 
Z-^RjV^—a), we have 



sup 

zec.7,+ 



= O ih°°)- 

£(L2(R")) h^Q 



Moreover the estimate remains true for the limit {Hh — (A + iO)) ^, A G J. 

This theorem is proved in [RT89] for the self-adjoint case and extended in [Roy 10, Roy 11] for 
our non-sclfadjoint setting. Before giving an estimate of in an incoming region, we recall that 
it concentrates on the hypersurface of energy Eq. For h £]0,ho], t ^ and z G C we set 

Uhit,z)^e-'^^"'^-'\ 

Proposition 2.6. Let q G C^(R^") be a symbol which vanishes onp^^(L) for some neighborhood 
L G J of Eq. Let T ^ 0. Then there exists C ^ such that for h g]0, 1], z G C/.+ and 
X G C'o°(IK., [0, 1]) non-increasing and supported in [0,T + 1] we have 



x{t)Opl{q)Uh{t,z)dt 



and 



C 



^ C. 



In particular if q £ C^{M?"') is supported outside p~^{{Eq\) we have 

{Opl{q)uh,Uh) ^0. 

/l— 5-0 

This is Proposition 2.11 in [RoylO]. Note that the same holds if Op™((7) is on the right of the 
propagator or the resolvent. 



Proposition 2.7. Let a gJcti, 1[. Then there exists R^ such that for q G C{f (K^") supported 
in Z_ {R, 0, —a) we have 



^ 0. 



Proof. Let (72, be such that cti < (72 < f3 < c, i?2 > Ri and vq g]0, (inf J)/3[. Let G 
5o(M^") be supported in Z_(i?27 i^o, —o'2) and equal to 1 on Z_(2i?2, Si^Oi ^cra)- Let R > 2i?2 be 
chosen large enough and consider (7_ , (7_ G C^{S?^) supported in Z_ (i?, 0, —(T)np~^( J) and such 
that g_ = 1 on a neighborhood of supp g_ . If i? is large enough we have Z_ (i?, 0, —(T)np~^( J) C 
Z-{R, Si'o, — c), so according to Propositions 2.3 and 2.5 we have 

\\Op^{q^){H, - {Eu + ^0))-i5„||^,(^„^ 
\\OvrA<l-){Hh-{En + iO))-'\ 



l£(L2,«(R"),L2(R^ 



.)) l|OP/l('^-)'5'/l|lL2,5(Rr.) 



Op5r(q-)(i/,. - {En + ^0))-l(l - Op,(c._)) {x) 

= o {Vh). 

/i-i-O 

The same applies to g_ and this finally gives 

|(Op^(g_)«,.,^„)l WOp^;: {q^)un\\ \\OprA<i-)uh\\ - 



£(L2(R")) 



L2-<5(R") 



O {h°°) 



> 0. 



□ 
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3. Control of large times and of the source term far from the origin 

As mentionned in introduction, we expect that the semiclassical measure of {uh)he]o,ho] 
some bounded subset of M^" does not depend on the values of the amphtude A{z) for large \z\. 
When restricting our attention to finite times, this is a consequence of Egorov's Theorem and 
the following proposition, proved in [Royll] (Proposition 2.1): 

Proposition 3.1. Let E2 ^ Ei > 0, J C [Ei,E-2\ and £ [0, 1[ such that alE2 < Ei. Then 
there exist TZ > and cq > such that 

yt ^ o,v(.T,o e z±(7^,o,Ta3) np-i(j), \x{±t,x,i)\ ^ co(t + |x|). 

For r > we set 

B,(r) = {(a;,0 : |.t| < r} C M^". 
With Proposition 3.1 we can check that on a bounded subset of R^" we can ignore the 
contribution of the source far from the origin: 

Proposition 3.2. Let r > 0. There exists Rq > such that for T ^ 0, R ^ Rq, Imz ^ and 

q E C5"(R^", [0, 1]) supported in Bx{r) we have 







XT,Bmvl{q)UH(t,z){SH-Si^)dt 



= o (Vh), 



where the size of the rest depends on T but not on z, q or R^ Rq. 

We recall that xt,b. G C°°(M, [0, 1]) is non-increasing, equal to 1 on ] — 00, T] and equal to 
on [T+ l,+oo[. 

Proof. Let TZ and cq be given by Proposition 3.1 applied with (73 = (1 + cri)/2 (which is allowed 
according to Assumption (1.7)). Let TZ > max(7^, 2r/co, i?i) be so large that 

i'q := ini J — sup |Vi(a;)| > 0. 

\x\^Tl 

Let (72 €]cri,cr3[. We consider uj G C^(K^") supported in Z+{TZ,0, —0-3) and equal to 1 in 
a neighborhood of Z+(27?,, 0, — cr2)- Given 6 G C5"(R) supported in J and equal to 1 on a 
neighborhood of Eq we prove that 



3 

E 



XT,RmprAq)Uh{t,z)Bj{h){Sh - s^)dt 



= o (Vh), 



where 

B,ih) ^ op;r(i -0op), B^ih) = op;r(0op)op^(c.), B,{h) = op^{eop)Opi:ii-uj). 

The first term is estimated with Propositions 2.6 and 2.2. The function xt.r depends on R, but 
since it is non-increasing and always vanishes on [T -I- 1, -l-oo[, we can check that the estimate is 
actually uniform in i? > 0. According to Proposition 3.1 and Egorov's Theorem (see Theorem 

7.2 in [Royll]), the second term is of size 0{h°°), again uniformly in i? ^ 0. For the third term 
we set Rq = 3TZ and choose R > Rq. The symbol {9 o p)(l — oj) is supported in 

B^i2iZ) U Z_(27?,0, -cr2)r\p-\j) C B^(27t) U Z^{2R,vo, -02)- 

Since A — is supported outside -8(0, 37t) and according to Propositions 2.3 and 2.4 (applied 
with A — An instead of A) we obtain that ||Op;j(l — uj){Sh — 'S'/f^)||i2(R„) — 0{h'^) uniformly in 
R. □ 

We know that (1.15) holds for some measure when is replaced by u^'^ (see Theorem 

4.3 in [RoylO]). We now check that u^'^ is actually a good approximation of Uh (in some sense) 
when /i > is small and T, R are large enough: 

Proposition 3.3. Let r > and Rq > given by Proposition 3.2. Let K be a compact subset 
of Bx{r) np^^(J) and e > 0. Then there exists Tq ^ such that for q e C^(M^") supported in 
K , T ^ Tq and R ^ Rq we have 



lim sup 



{Ovl{q)uh,Uh) - (Opl{q)ul-^ ,ul-^ 



^e\\q\\ 
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This proposition relies on the following consequence of the non-selfadjoint version of Egorov's 
Theorem (see [Royll, Prop. 7. 3]): 

Proposition 3.4. Let J he a neighborhood of E such that Assumption (1.5) holds for all A e J. 
Let Ki and K2 be compact subsets of p~^{J). Let e > 0. Then there exists Tq ^ such that for 
T ^ Tq and (71,(72 G C^(]R^" ) respectively supported in Ki and K2 we have 



hmsup \\0^i:{qi)UH{T)0Y>l{q2)\\c(mR-)) ^ e ||(7i|L Ikal 
We also need the following result about the classical flow: 



Proposition 3.5. Let Ei,E2 G M^j. be such that Ei ^ E2, and a £ [0, 1[. If Tl. is chosen large 
enough then for any compact subset K of p~^{[Ei, E2]) there exists Tq ^ such that 

Vw e Kyt > To, 0=^*(w) e B^(n)uz±(n,o,±a). 

This is slightly more general than Lemma 5.2 in [RoylO]. We recall the idea of the proof: 
Proof. Wc consider TZq such that 

Va-eM", \x\^no =^ \Vi{x)\ + \x\\VVi{x)\i:^{l-<j^). 

Let T > be such that C ds > a. Wc set 7^ 7^o + 4T^/E^ and U± = B^HZo) U 

Z±{TZ,0,±a). We first prove that for any w € K, if (f)^'^{w) € U± for some t^ ^ 0, then 
(/)±*(w) G B^{TZ) U Z±{TZ, 0, ±ct) for aU t > t^. Since (/)±(*-*™) maps 2±(7^, 0, ±a) into itself for 
all t ^ tw, we can assume that \X{±tw,w)\ = TZq, \X{±t,w)\ = TZ and |X(±s, w)] € [TZ,TZo] for 
s € [tw,t]. Assume by contradiction that (j)^''{w) ^ Z±{TZ,0,±a) when s G [tto,t]. Then we can 
check that 

, d X{±s,w) ■ E{±s,w) (1-(t2)/b7 



-ds\X{±s,w)\\E{±s,w)\ ^ ^/3(7^o + 4(s-^o)V^)' 

which gives a contradiction. Then it only remains to check that if Tq is chosen large enough, 
then for all w € K wc can find tu, € [0, Tg] such that 0=*=*™ (u>) € U±. For this wc use compactness 
of X and the fact that any trajectory has a limit point in rti,{[Ei, E2]) C Bx{TZo) or goes to 
infinity and meets Z±(TZ,0,±a) when t is large enough. □ 



Let (T2 < (73 < (74 < (75 e](7i,l[ and i/q g]0, vinfJ/4[. Let TZ be given by Proposition 2.5 
applied with {R,i>,a) = (3i?i, 2:^0: fa) and {v,a) = (3z^0:f4) • Choosing TZ larger if necessary, 
we can assume that |^| ^ 41^0 if p(a;,C) S J and |x| ^ 7?.. We can also assume that 27?. satisfies 
the conclusion of Proposition 3.5 applied with [Ei,E2] D J. 



e 



Lemma 3.6. Let r ^ 47? and Rq > given by Proposition 3.2. Let Q G C^{W'\[0,l]) b 
supported in Bx{r) C\p~^{J) and equal to 1 in a neighborhood of Bx{3TZ) r]p~^{L) for some open 
neighborhood I ofE^. Let K be a compact subset of Bx{r)C\p~^{J) and 5 > 0. Then there exists 
To ^ such that for T ^ Tq, and q € C5"(R^") supported in K we have 



lim sup 



Op,T((7) [uu ul'" A'^{h)Ovl{Q)un) ||^^^^^^ 6 \\q\\ 

where A^{h) is a bounded operator such that 

VT ^ To, limsup ||^t(^)||£(l2(r^)) ^ ^■ 
For the proof we follows the same general idea as in [RoylO]: 



Proof. • We consider q £ C5"(]R^") supported in Bx{r) Dp ^(J) and equal to 1 on a neigh- 
borhood of K. Let e C^f (M") be supported in B{0,3Ti) and equal to 1 on B(0,27?). Let 
G 5o(IR^") be equal to 1 on Z_ (27?, 4i'o, — (75) and supported in Z_ (7?., 31^0, —(74). Let 
q G C^(R^") be supported in K, h g]0, ho], T > and z G C/,+ {ho > was fixed small enough 
in the introduction). Since z is not in the spectrum of Hh we can consider {Hh—z)~^Sh G i7^(M") 
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and write: 

0^rM){Hh - z)-^Sh - OpTAq)Uh{T, z){Hh - z)-^Sh (3.1) 
Op,T('z)(xT.i?,W - XoAt)Uh{T, z))Uh{t, z)Sh dt 



Op^{q){xT.R{t)-Xo.Rmh{T,z))Uh{t,z)S^'dt+ O iVh), 

/i-i-O 



where the rest is estimated in L (R") uniformly in Rq but not in T (see Proposition 3.2). 
• We have 

Op;^(g)t/„(T,z)(i/„ - z)-'Sh = OprAq)Uh{T,z)Op';:{Q){Hn - z)-'Sh 
+Op)r(g)C//.(T,z)Op,"'(l - Q)e{x){Hh - z)-^Sh 
+Opl{q)UH(T, z)Opl{l - g)(l - e{x))Op^{uj^){Hn - z)-\Sh 
+Opl{q)UH{T, z)Op'ii{l - Q)(l - 0(x))Op,,(l - c._)(F, - zr^Sh. 

The second term of the right-hand side is of size 0{^/h) uniformly in z G C/_+ aceording 
to Proposition 2.6. Let w € 5o(M^") be supported in Z_ (2i?i, i/q, — (T2) and equal to 1 in 
Z_(3i?i, 21^0, —era). Aceording to Propositions 2.3, 2.4 and 2.5 we have 

||0p]^:(g)[/,(r,z)0p),"(l - Q)(l - 9{x))0p^{u^){H^ - z)-'s4 

= o (Vh), 

uniformly in z G Cj,+ (||Op;^(g)[//,(T, z) {xf \\ = 0(1) uniformly in z € Cj,+) but not in T. 
Finally the last term is of size 0{h°°) according to Egorov's Theorem and Proposition 3.5 if 
T^To,To being given by Proposition 3.5 applied with 0-5. We consider q,Q e C(f (M^", [Q, 1]) 
supported in p~^(J) and equal to 1 respectively on a neighborhood of suppfjf and suppQ, and 
we set 

A^(z,/i) = Op5r(g)[/,.(T,z)Op5r(g). 
According to Proposition 3.4 we have 

limsup sup \\A^{z,h)\\^ 6 

when T ^ To, if To was chosen large enough. We finaUy obtain 

OprA.q)Uh(T,z)(Hh - z)-^Sh ^ Op^{q)A'T{z,h)OpTAQ)iHh ~ z)-^Sh + O (Vh) 

in L^(R") where the size of the rest is uniform in z E C/.+. 



3. For h €]0,/io] and T ^ Tq, we can take the limit z ^ Eh in (3.1) {Eh € C/.+ if /iq is small 
enough). This gives in L^(R"): 

Ovr:{q)uh - OvK'lVh'^ - Opl{q)Uj^(T)ul'' + Op|;'(g)A^(i?,, /i)Op)f (g)^i,. + O (Vh). 

ft— >0 

Let qi £ Cff(R2", [0, 1]) be equal to 1 on a neighborhood of |0*(z,O,i € [0, 1], (z,0 € iV|«r|. 

Using the results about the contribution of small times (see in particular Corollary 4.4 in [RoylO]), 
we know that 



lim sup 



Op,T(g)t/,-(T)ur" limsup OprAq)U^iT)OprAql)Uh''" 



< C^lim_sup ||0p5r(gi)C/f (r)0p5r(gi)||^(^.(R„)) 



for some constant C which does not depend on h, T ox R . According to Proposition 3.4, this 
limit is less than (5 for any T ^ Tq if Tq was chosen large enough. Since for any T ^ Tq we 

have 

r ^(supp q) n {(/)*(z, 0, t e [0, 1], (z, e n§t \ ivf t} = 
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Egorov's Theorem also gives 



lim sup 



which concludes the proof. 



□ 



Then Proposition 3.3 is proved exactly as in [RoylO] (see Proposition 5.5), and we can show 
existence of a semiclassical measure: 



Proposition 3.7. There exists a non-negative Radon measure ^ on M^" such that for q E 
C5«(M2") we have 



q dn ~ lim 



q dfi^ 



(3.2) 



q dfj,. 



Proof. The result is clear outside p ^{{Eq}), so we focus on symbols supported in p ^(J). Let 
if be a compact subset of p^^{J) and £ > 0. Let Tq and Rq given by Proposition 3.3. For 
Ti,T2^To, Ri,R2;? Ro and q G C^{M.^") supported in K we have 



q dp.^1 



qdpL^l 



lim 



s^2e||g|| 



This proves that {T,R) H> j qdfJp has a limit at infinity, which we denote by L{q). The map 
q I— ?> / qdnji is a nonnegative linear form on C^(]R^") for all T, R> 0, and hence so is q i— >■ L{q). 
Let To be as above for e = 1 and Ck be a constant such that for all q G C^{M.'^") we have 



Then we have 



\Liq)\ ^ 



L{q) 



qdfif^'' 



^ lim 

^ {2 + CK)\\q\[ 



q dfif^ 



q df^To 



+ CK\\q\\ 



which proves that the linear form L on C(^(M^") can be extended as a continuous linear form 
on the space of continuous and compactly supported functions on M^". The first assertion is 
now a consequence of Riesz' Lemma. And the second can be proved as in [RoylO], using the 

fact that {Op'^{q)uhTUh) is close to (Op'^{q)ui^' ,Uf^' ) in the sense of Proposition 3.3, and 
OpJ^((7)m^'^, u^'^ ■) goes to / qdfii^ as h goes to 0. □ 



It is now easy to prove the remark about the measures flji mcntionncd in introduction: 

Proposition 3.8. Let r > 0, Rq given by Proposition 3.2 and R ^ Rq. Then the measures p 
and flu coincide on Bx{r). 



To prove this assertion, we only have to apply Proposition 3.3 with Uh and m^. Let q G 



C^(]R2" 



) be supported in B2:(r)np ^(J). Since for large T and small /i the quantity (Op^((;) 



T.R T.R 



is a good approximation both for {Op^{q)uii, uif) and (Op^ {q)u^ , ^h }^ these two quantities have 
the same limit as h goes to 0. 



It only remains to prove the properties given in Theorem 1.1: 
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Proof. The first two properties are direct consequences of Propositions 2.6 and 2.7. Let r > 
and Rq given by Proposition 3.2. Property (c) is already known for tlie compactly supported 
amplitude An^, and hence for any q S C^(M^") we have 

{-Hp + 2lmE + 2V2)qdfiR„^7r{27rf-^ f l^flo Wl' ICI"' 5(0 ' daN.rizA)- 

JNeF 

Now assume that q, and hence {Hp + 2Imi? + 2V2)q, are supported in Bx{r). According to 
Proposition 3.8 wc have 

/ {-Hp + 2lmE + 2V2)qdfiR„= I {-Hp + 2lm E + 2V2)q di^i. 

On the other hand, according to Proposition 3.1 trajectories comming from the points of Ne^\ 
N^T never reach Bx{r), so wc also have 

7r(27r)''-" / q{z,0{\A{zf ~ \AnM?) 1^1"' ^(0 ' rf^A^.r(^,C) = 0. 

JNeT 

This proves that Property (c) holds when q £ C^{M.'^") is supported in Bx{r). Since this holds 
for any r > 0, the theorem is proved. □ 

Appendix A. Short review about differential geometry 

We briefly recall in this appendix the basic results of differential geometry we have used. 
Detailed expositions can be found for instance in [dC92] and [Spi99]. 

Let M be a differential manifold. Wc denote by X{M) the set of vector fields on M . An 
affinc connection on M is a mapping 

X{M) X X{M) X{M) 
{X,Y) ^ VxY 

which satisfies the following properties (for X, F, Z G X{M) and /, g G C°°{M)): 

(i) V/x+gY^ = /Vx^ + .9VyZ, 

(ii) Vx{Y + Z)=^xY + ^xZ, 

(iii) ^x{fY) = f^xY + {X ■ f)Y. 

The Levi-Civita connection on M is the unique connection V on M which is 

(i) symmetric: 

VA:, Y e X{M), VxY - VyX = [X, Y\^XY - YX, 

(ii) and compatible with the Riemannian metric: 

\/X,Y,Z eX{M), X-{Y,Z)^{VxY,Z)j^j + {Y,VxZ)j^,. (A.l) 

The Levi-Civita connection on M" endowed with the canonical metric is the usual differential. 
Now let r be a submanifold of R", endowed by the Riemannian structure defined by restriction 
of the scalar product of R". For X, F e A'(r), z g F, and X,F € <¥(]&") such that X = X and 
y = y in a neighborhood of z in F we set 

V^y(z) = {V^Y{z))l. 

This definition docs not depend on the choice of X or F and defines the Levi-Civita connexion 
on F. 

Let X e '^'(F). The divergence divAr(z) at point z € F is defined as the trace of the linear 
map Y ^ V^X(z) on TJ. If X e X{V) and / e C°°(F) then we have 

div(/A:) = X • / + / div a:. (A.2) 

The main theorem we have used in Section 2 is the following: 
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Theorem A.l (Green's Theorem). If M is an oriented Riemannian manifold and X €E X{M) 
is compactly supported, then 

I dWXdVM^O, 

JM 

where dVm denotes the volume element on M . 

Wc finahy recah the basic properties of the second fundamental form on F. Given X,Y E X(r) 
and z e r we set 

where X and Y are extensions of X and F on a neighborhood of z in M". We can check that 
llz{X,Y) is well-defined and actually only depends on X{z) and Y{z). Moreover the bilinear 
form llz is symmetric. 

Acknowledgement. This work is partially supported by the French National Research Project 
NOSEVOL, No. ANR 2011 BS01019 01, entitled Nonself adjoint operators, semiclassical analysis 
and evolution equations. 

References 

[BCKP02] J.-D. Bcnamou, F. CastcUa, T. Katsaounis, and B. Pcrthamc. High frequency limit of the Hclmholtz 

equations. Rev. Mat. Iberoam., 18(l):187-209, 2002. 
[Bon09] J.-F. Bony. Mesures limites pour I'equation de Helmholtz dans le cas non captif. Annates Fac. Sc. 

Toulouse, 18(3):459-493, 2009. 
[Cas05] F. Castella. The radiation condition at infinity for the high-frequency Helmholtz equation with source 

term: a wave- packet approach. J. Funct. Anal., 223(l):204-257, 2005. 
[CPR02] F. Castella, B. Perthame, and O. Runborg. High frequency limit of the Helmholtz equation. H: Source 

on a general smooth manifold. Comm. Part. Dijf. Equations, 27(3-4):607-651, 2002. 
[dC92] M. do Carmo. Riemannian Geometry. Birkhauser Boston, 1992. 

[ENOO] K.J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations. Springer, 2000. 
[Fou06] E. Fouassier. High frequency analysis of Helmholtz equations: case of two point sources. SIAM J. 

Math. Anal., 38(2):617-636, 2006. 
[Ger91] P. Gerard. Mesures semi-classiques et ondes de Bloch. Semininaire E.D.P. de Vecole Polytechnique, 

XVI, 1991. 

[Rob87] D. Robert. Autour de I'appoximation semi-classique, volume 68 of Progress in Mathematics. 
Birkhauser, 1987. 

[RoylO] J. Royer. Semiclassical measure for the solution of the dissipative Helmholtz equation. Jour. Dijf. 

Equations, 249:2703-2756, 2010. 
[Royll] J. Royer. Resolvent estimates for a non-dissipative Helmholtz equation. 2011. Preprint, 

arXiv: 1303.3868. 

[RT89] D. Robert and H. Tamura. Asymptotic behavior of scattering amplitudes in semi-classical and low 

energy limits. Annales de I'l.H.P., section A, 39(1):155-192, 1989. 
[Spi99] M. Spivak. A Comprehensive Introduction to Differential Geometry, volume 4. Publish of Perish, 3rd 

edition, 1999. 

[Wan88] X. P. Wang. Time-decay of scattering solutions and resolvent estimates for semiclassical Schrodinger 
operators. Jour. DifJ. Equations, 71:348-395, 1988. 

[WZ06] X. P. Wang and P. Zhang. High-frequency limit of the Helmholtz equation with variable refraction 
index. Jour, of Func. Ana., 230:116-168, 2006. 

[Zwol2] M. Zworski. Semiclassical Analysis, volume 138 of Graduate Studies in Mathematics. American Math- 
ematical Society, 2012. 



Institut de mathematiques de Toulouse 

118, ROUTE DE NARBONNE 

31062 Toulouse Cedex 9 
France 

julien . royerOmath . univ-toulouse . f r 



